
 Chapter 4

structure Theory

The poolof this Cost chapter is
goingto

be
to decompose connected he groups into
comes a building blocks The Key motion

are one going to focus on are those of
solvable sul patent and semisimple
Le groups We well work both of the

level of he algebron and of the level

of he granpa

4 I Salvoble ne groups and he algebras

Definition 4.1

A group G is solvable if there exists a

sequence of subgroups
G Go G D Gr 3 e

with Gif obelion o i an 1

In studying solvable groups the derived
series of a group G ploys on important



f y

sole

Let G be the subgroup of G generated
by the set x y Y EG of commutators

Definition 4.2

The derived series of a group E io defined
inductively by gait gli e

groupgenerated
We have the following by commutators

Lemmo 4.3
1 Let G H be e homomorphism Then

G ICG è 1
2 Let NO G Then in obeliam

off NO G

Proof
1 is clean since it x y EHM TIY

2 Let T G G be the canonical



projection Then from 1 we get

ECG TCG GGI

tenee o obelion iff
GG c Kent N

Lemmo 4.4
Gia solvable iff nza a f G'He

Proof
F His clean that G a G
and by Lemmo 4.3 2 G iii
sobelion Then proves that if the
derived aereo terminates infinite
steps then the group io solvable

Cat G G G Gr te
be as in the definition of salvotulity

Claim Gi o G



We prove the claim by recurrence

io obalian hanee G D G

If Gi e a G them since

G in abelion we have

G o G G
7

e

Cemmo 4.3 2 a

Definition 4 5

Let G be a solvable group The salvobilety
length of G is

sol G man fra G pe

Cammo 4 6

Let Na G and N S G
s A Them

sol G s 1

Proof
Let on usual it G GIN demote the
canonical projection Then we have



G TG1 TCG
E

Cammo 4.3 1 NIG's 1

The discussion above was about abstract groups
with no extra structure We shall see now

that for Houndorff top groups
that one

solvable the subgroups in Definition 4.1

con be chosen with additional properties

Proportion 4 7

Let G be a solvable topological Hansdorff
group Then there cento a sequence

G Go G D Gn e

with Gi obelion IE i r 1

and Gi closed If Gio connected
the G o con be taken connected

Exercise 4.8

Let G be a top group Cat N Δ G be
a closed subgroup If N and G one

connected then so io G



Lemmo 4.9

If Giro a connected top group them
E io connected i 71

Proof
The out V x y Xy E G s

Connected and so are all the v4 V V

But G v and vae Kna1
The conclusion follown for L 1

The argument for general i 1 inanolgono

Proof of Proportion 4.7

The proof is by induction on sol G r

If nel them G e and pe in closed

Let v22 G is obelion and normal
in G Henee G also is obelion
and normal in G Moreover
sol Ger

r 1 and GEHT
is a Howsdorff top group

Now we con commden IT G GIGÌ



and apply the inductive hrepothenio to

obtain

Ex H H He he

with Hi closed and Hi obeliom

Them
G Ho DI_ H P T'IH È

does the job check this

If Gio in addition connected there GAT
in connected Then are can take the

Hits connected and we Exercise 4.8

to conclude

Corollong 4.10

Let G be a connected solvable Ge group
Then there celato a sequence
G G G D Gr he

where Gi io closed connected and

G 1 io isomorphne to either Pon
T for 1 i n 1



I
Proof
Combine Proportion 4.7 with the

Classification of connected obelion Le

groups Sheet 5 Exercise 2

Example 4 11

seri ER

GLINITI

ER

G 412

This in the prototype of solvable ha group

Indeed we have the feast f malomentol theorem



of he

Theorem 4.12 he's theorem
Let G be connected he group

that is solvable

as a group and g G GLIV be an

representation into a complex vector spore
V Them there is aboris of such that

g
is upper triangular tg E G

Definition 4.13

Let G bi a be group and 1 G GLIV

be a complex representation A weight if
G in V is a homomorphism

G

such that Vx 3 EV figli g
ver o

If is a weight then Vy is the weightspace
and

ony
v V71403 is aweight

vector

Remonk 4.14

Aweight io a smooth homomorphism



8

Theorem 4 15

Let G be a connected he poup that's
solvable and g G GLIV be
a complex representation Then G han
a weight in V

The proof of Theorem 4.15 relies on

the following

Cemmo 4.16

Cat G be a connected he group and gG GLI V1 be a complee representation
Let Ha G and H C be
a weight of H in fly GLIV

Them Vy is g G in vomant

Proof
Given g G h EH v Vy we have

s'hlgiglr geglglgihglv Xig.hng gigir



Now 71g4g E Sped geni c

Thus we get o continuano mop

G Spee jih
g gang

Simec Gio connected and spec gin
io finite the mop io constant Hence

1g_ kg h kg E G Khfit

Therefore we conclude that g Va CVx

Proof of Theorem 4 15

The pro f is by induction on dim G

If dem G 1 then dim g 1 so

g RX for some E
9

Let v o in V be on eigenvector of
dg X Then dg Y or e or

Eg and since Gis connected



J

by Proportion 3.101 we infer that

g
G Er cg G Er Henee

g g g v and io a weight

Let dimG 2 Let A AG be closed
connected normal with A Ton

By the inducture hypothesis It has aweight
H E in V and

by Lammo 4 16

Vx io g G invomant

From g h v Ch E Vx h EH
we deduce

Deg e v 7 a r eh

We can write
g

RY h for some
E g and let v E Vx 1403 be

on eigenvector of dg Y

It follows that
dg 7 E vo c V0 Z Eg



By connectedness of G we get
gig Ero Ero kg E G

and hanee G a weight in V 0

Usa p op 3.101 again

Proof of Theorem 4.12

The proof will be by induction on dim

Let X G E be weight off
obtained by Theorem 4.15 ondlet Vx
bethe corresponding weight space Then
dam a dimV and we con obtain

representation of G in by setting

J'g r Vy jagir Vx

Let f dam and e of be e

born of V7 and egizi ien Vi

be such that Ec eat Vx fatalen
forma boma of My with neopeetto
which Jig is upper triangula KyfG



The lost condition amounts to say
that

Jiglei Xi'g Ti L 5cg i Ej

for omg f i n

Henee

gaglei Xi'g ei t.FI iJigljiej.lmodVx
That is to

soy gag con be written as

mi.fi i
uiglI 1

with respect to the borns pe i of V

We next turn to a characterization of he pompa
that one solvable in terms of their he

algebroo



Definition 4 17

A Ge algebra g io solvable if there exists ai

sequence

g 9 9,0 In 103

where gi io on ideal in 9 1 and

9 i
o abelian

Example 4.18

A prototypical example of solvable ha

algebro io

9 11
ER

0

As in the case of groups we define

g g g limean open of 477 nyeg

Definition 4 19

The derived series of a he algebra gia
defined inductively by



I G o

g g
1

g 7g 172

Definition 4 20

Let g bea ha algebra An ideal h of g io

characteristic if Sch ch for every
derivation Den g

Lemmo 4 II

If e cg io on ideali and h c c io a

characteristic ideal in c them h io on

ideal in 9

Proof
By the Jacobi identity if X Eg them

the endomorphism Se g g defined
a Sx Y Y is a derivation of
Fine c'cg io on ideal Se i ci

and hence Sx E Den i

Since h io characteristic in i

fa Y 17 Eh h thus



h is on ideal in 9

Corollary 4 22

For
every is a g io a characteristic

ideal in 9 and Game on ideal ing
An in the case of groups we now have

Corollong 4.23
1 If it g h io a he algebra homomorphism
we have

g Tg ti 1

2 Let hag Then 9h io obeliam

iff n 39

Proof
1 follows from X y TKI.IT YI

2 Let t g 94 he the comameol

projection homomorphism Them by 1



9h 94 Tig 91 1g

Henee gg in obelion iff n 09

Lemmo 4.24

gia solvable iff g o for some ha 1

Proof
Let us connder

g g g og 303

Since 9 g by Cammo4 23 2 we have that 9 Igii io

abeleon Henee 9 io solvable

Let
g g gr 403

be anch that go in obelion

for 1eier

Since gg
io abelion we have

9 39 by Lemmo 4.23 2

Arguing inductively from g 09
we get



9 0 g e
s glie gli

mee 9 _e gi
in obalian

Defamation 4.25

If I is a solvable Le algebra then we

define sol g min 4rad g
D

Example 4.26

consider
g ERY

gcghln.IR

711419 ER

9

g 403



Henee sollg n

Gatanion is veryuseful
Lemmo 4.27 for inductions
1 If h cg and g a solvable then
h io solvable

2 If hog then g
is solvable iff

hand gin one solvable

Proof
1 We have h cg Kiz 1

The statement follows from Lemmo 4.24

2 Let T g g In be the comomeal

projection Then

19 94 4 cg
Thus if g in solvable then 94 and h
ora solvable

Conversely eat ma be anch that

of g g Then



g ch and if h 40 megat
g 04

The proof of Lemmo 4.27 actually
gives i

Corollary 4.28

If hog and h and 9h one solvable

then

sollg sol h sol 19in
0

Coming back to be groups we have i

Theorem 4.29
Let G be a connected ne group Then the

following ore equivalent

1 9 ha G io solvable

2 Gis a solvable group

Before we move to the proof of Theorem 4 29



I
we record without proof a

veryhelpful generalstatement about he group structures on

quotient groups

Theorem 4.30

Let G be a he group and H o G be a

closed normal subgroup Then the

group con be endowed with a

unique smooth structure which makes
finto a he group and such that

the com meal projection IT G
io a submersion
In this situation demoting by g and h
the he algebros of G and H respectively
it holds

ne G 9h

Proof of Theorem 4 29

2 1 Let
G GODG n Gr 41
be given by Proportion 4.7 anch that

Gi is closed and connected and



G e
g

io obelion for all Leier

Let gi Ge Gi ag By Conollony
3 104 17 9 g By theorem 4.30

greggi
Ge G and since G

obelion 91 io also abelian byProportion 3.66 1

1 2 The proof of this implication
by induction on sol g

If solfg I then 9 o obelion and haenel
also E io since it is connected

Assume that n sol g 72 Then

ho g
a

g and
y

io obelion

By Proposition 3.66 27 expo gh G
a homomorphism By Corollary 4.22

9 g is on ideal Henee by Corollary
3 104 2 expo g io normal un G



g

Thers N expgfgtr.IT in normal
obelion and connected

Let n beIN By Corollary 3.104

again
n 49 is on Ideal Moreover

clearly holds hog
7

Thus sol gg n 1 Since
Ge G jin by Theorem 4.30 the

proof con be completed by induction
with on ongriment simulon to the

proof of Proportion 4.7

Given Theorem 4.29 it makes sense to

give the following

Definition 4.31
A connected solvable he group is a connected

he group G such that 9 Ge G is

solvable



Witha similar strategy as in the proof of
Theorem 4.12 Ge's theorem we can

prove

Theorem 4.32
Let gi g g V be anepresentation of
a solvable ha algebra in a complex
vector space V Them there is a basis

of with respect to which all gal
E 9 one upper triangerlo


